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Glued Near Polygons
BART DE BRUYN
We generalize a construction given in [3] to derive new near polygons from spreads of symmetry
in generalized quadrangles.
c© 2001 Academic Press
1. INTRODUCTORY NOTIONS AND OVERVIEW
A near polygon S = (P,L, I) is an incidence structure of points and lines satisfying the
property that for every point p and every line L there is a unique point q on L nearest to p
(with respect to the distance d(·, ·) in the point graph of the geometry). The point q is called
the projection of p on L . If d is the diameter of the point graph, then the near polygon is called
a near 2d-gon. Near polygons were introduced by Shult and Yanushka in [8].
The near quadrangles are exactly the generalized quadrangles (GQs) introduced by Tits
in [10]. We refer to [7] and [9] for a detailed survey of these incidence structures. Almost
all generalized quadrangles have an order (s, t); i.e., every line is incident with s + 1 points
and every point is incident with t + 1 lines; a generalized quadrangle of order (s, t) is often
denoted by GQ(s, t). Sometimes it is convenient to regard the lines as sets of points; i.e.,
I is containment. A spread of a GQ(s, t) is a set of lines partitioning the point set. If A is
a set of lines, then A⊥ denotes the set of lines which intersect every line of A, and we put
A⊥⊥ := (A⊥)⊥. A spread S is called normal if |{K , L}⊥⊥| = s + 1 and {K , L}⊥⊥ ⊆ S for
every two different lines K and L of S. A spread S is called a spread of symmetry if there
are at least s + 1 automorphisms fixing each line of S (see [2]). The generalized quadrangles
with a spread of symmetry are exactly the generalized quadrangles which can be derived
from an admissible triple (AT) (see [2]). A triple (D, K ,1), consisting of a linear space
D (with constant line size s + 1 and point set P), a group K of order s + 1 and a map
1 : P×P → K is called admissible provided the points x, y, z ofD are collinear if and only
if 1(x, y)1(y, z) = 1(x, z). With every admissible triple there is associated a generalized
quadrangle Q. The points of Q are the elements of K ×P; two points (k1, x1) and (k2, x2) are
collinear if and only if x1 = x2 or k2 = k11(x1, x2), x1 6= x2. The spread S = {Lx |x ∈ P},
with Lx = {(k, x)|k ∈ K }, is called the associated spread of the admissible triple.
Suppose now that S = (P,L, I) is a near polygon. Two lines L and M are called parallel
if for every point l of L there exists a point m of M such that d(l,m) = d(L ,M). A subset
X ⊆ P is called a subspace if every line with two points in X is completely contained in X .
Every subspace X induces a partial linear space SX = (X,L′, I ′), where L′ is the set of all
lines having all their points in X and I ′ is the restriction of I to X × L′. A subspace X is
called geodetically closed if all the points of a shortest path between two points of X are also
points of X . A quad is a geodetically closed subspace inducing a nondegenerate generalized
quadrangle. A subset X is called classical if every point x is classical with respect to X , i.e.,
if there exists a unique point piX (x) ∈ X such that d(x, y) = d(x, piX (x)) + d(piX (x), y) for
all y ∈ X . Every classical set is also geodetically closed.
In the following section, we construct incidence structures using spreads of generalized
quadrangles and certain maps. We give necessary and sufficient conditions for these incidence
structures to be near polygons; near polygons obtained this way are called glued. We show that
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certain near polygons defined in [5] are glued. In Section 3 we show how the (necessary and
sufficient) conditions can be solved; we show that solutions only exist when the GQs are deriv-
able from an admissible triple. In the last section, we give all the geodetically closed subspaces
of a glued near polygon; these induce substructures which are again glued near polygons.
2. CONSTRUCTIONS OF GLUED NEAR POLYGONS
2.1. Construction. Let k be a nonzero positive integer. For every i ∈ {1, . . . , k}, let
Qi = (Pi , Li , Ii ) be a generalized quadrangle of order (s, ti ), let Si = {L(i)1 , . . . , L(i)1+sti }
be a spread of Qi and let θi be a bijection from L(1)1 to L(i)1 . Notice that a special line L(i)1
is taken in each spread Si , i ∈ {1, . . . , k}; this line is called the base line of Si . For i ∈
{1, . . . , k} and j ∈ {1, . . . , 1+sti }, let p(i)j be the projection on the line L(i)j in the generalized
quadrangle Qi .
Consider now the following graph 0 with vertex set L(1)1 × S1 × · · · × Sk . Two different
vertices (x, L(1)i1 , . . . , L
(k)
ik ) and (y, L
(1)
j1 , . . . , L
(k)
jk ) are adjacent if and only if the following
two conditions are satisfied:
(i) there exists an l ∈ {1, . . . , k} such that im = jm for all m ∈ {1, . . . , k} \ {l},
(ii) for every l as in (i), we have that p(l)il ◦ θl(x) and p
(l)
jl ◦ θl(y) are collinear points in the
generalized quadrangle Ql .
If im = jm for all m ∈ {1, . . . , k}, then the two vertices are adjacent (condition (ii) is satisfied
for every l ∈ {1, . . . , k}).
REMARKS. (a) In the following, the composition f ◦ g of two functions f and g is
briefly denoted by f g.
(b) In the above definition of 0, we used a certain ordering in the set {Q1, . . . ,Qk} of gen-
eralized quadrangles (that induced by the indices). 0 can be retrieved using the same
spreads and base lines, but a different ordering of the GQs; the maps θi must then be
changed. Indeed, let σ be an arbitrary permutation of {1, . . . , k} and let Qσ(1), . . . ,Qσ(k)
be the new ordering of the GQs. Let φ be an arbitrary bijection between L(σ (1))1 and L(1)1 .
Then θ ′σ(i) = θσ(i)φ is a map from L(σ (1))1 to L(σ (i))1 . In the same way as we defined 0,
we can define now a graph 0′ which is isomorphic to 0; the isomorphism from 0 to 0′
is given by (x, L1, . . . , Lk) 7→ (φ−1(x), Lσ(1), . . . , Lσ(k)).
(c) If we take σ equal to the identity in (b), then we still can take φ arbitrarily. Hence, 0
can be retrieved if we choose θ1 equal to the identical permutation of L(1)1 .
(d) Under certain conditions, see Theorem 2, the graph 0 can be retrieved by starting with
k arbitrary base lines (using the same GQs and spreads).
LEMMA 1. Through every two adjacent vertices of 0, there is a unique maximal clique.
This clique has size s + 1.
PROOF. Let α = (x, L(1)i1 , . . . , L
(k)
ik ) and β = (y, L
(1)
j1 , . . . , L
(k)
jk ) be two adjacent vertices
of 0. Let l be an element of {1, . . . , k} such that im = jm for all m ∈ {1, . . . , k} \ {l}. We
determine now how the common neighbours γ = (z, L(1)f1 , . . . , L
(k)
fk ) appear. If im = jm 6= fm
for a certain element m ∈ {1, . . . , k} \ {l}, then il = fl = jl and p(m)im θm(x) ∼ p
(m)
fm θm(z) ∼
p(m)jm θm(y), implying that p
(m)
im θm(x) = p
(m)
im θm(y), x = y or α = β, a contradiction. Hence
im = jm = fm for all elements m of {1, . . . , k} \ {l}. The condition p(l)il θl(x) ∼ p
(l)
fl θl(z) ∼
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p(l)jl θl(y) holds if and only if p
(l)
fl θl(z) is a point of the line connecting p
(l)
il θl(x)with p
(l)
jl θl(y).
Hence there are s − 1 solutions for z (or γ ). These s − 1 solutions for γ form together with α
and β the unique clique of size s + 1. 2
Let S be the partial linear space with points the vertices of 0, with lines the maximal cliques
of 0 and with natural incidence. If S is a near polygon, then it is called a glued near polygon.
We will examine now under what conditions this precisely happens. For i ∈ {1, . . . , k}, let
Gi be the group generated by all permutations 1(i)jk : L(i)1 → L(i)1 , x 7→ p(i)1 p(i)k p(i)j (x),
1 ≤ j, k ≤ 1+ sti . Gi is called the group of projectivities of L(i)1 with respect to Si .
REMARKS. (1) If k = 1, then S ' Q1. Indeed, the map (x, L(1)j ) 7→ p(1)j θ1(x) defines
an isomorphism between S and Q1.
(2) Let α = (x, L(1)i1 , . . . , L
(k)
ik ) and β = (y, L
(1)
j1 , . . . , L
(k)
jk ) be two points of S and suppose
that l is an element of {1, . . . , k} such that im = jm for all m ∈ {1, . . . , k} \ {l}, then α
and β are collinear if and only if p(l)il θl(x) ∼ p
(l)
jl θl(y) or if and only if
y = θ−1l 1(l)il jl θl(x).
In the next theorem 0 stands for the trivial group and [θ−1i Giθi , θ−1j G jθ j ] is the group
generated by all commutators [θ−1i giθi , θ−1j g jθ j ] with gi ∈ Gi and g j ∈ G j .
THEOREM 1. The following are equivalent:
(a) the partial linear space S is a glued near polygon,
(b) [θ−1i Giθi , θ−1j G jθ j ] = 0 for all i, j ∈ {1, . . . , k} with i 6= j .
PROOF. We may suppose that k ≥ 2. First, suppose that S is a near polygon. Consider
the point α = (x, L(1)i1 , . . . , L
(k)
ik ) and the line L = {(y, L
(1)
j1 , . . . , L
(k)
jk )|y I1 L
(1)
1 }. Take
two distinct indices m, n ∈ {1, . . . , k}. Suppose that im 6= jm , in 6= jn and il = jl for
all l ∈ {1, . . . , k} \ {m, n}. Clearly L contains no points collinear with α. Since L contains
the points ((θ−1m 1
(m)
im jm θm)(θ
−1
n 1
(n)
in jnθn)(x), L
(1)
j1 , . . . , L
(k)
jk ) and ((θ
−1
n 1
(n)
in jnθn)(θ
−1
m 1
(m)
im jm θm)
(x), L(1)j1 , . . . , L
(k)
jk ) which have both distance two from α, it follows that
(θ−1r 1
(r)
ir jr θr )(θ
−1
s 1
(s)
is js θs)(x) = (θ−1s 1
(s)
is js θs)(θ
−1
r 1
(r)
ir jr θr )(x),
for all r, s ∈ {1, . . . , k} with r 6= s and for all x I1 L(1)1 . It follows now immediately that
[θ−1i Giθi , θ−1j G jθ j ] = 0 for all i, j ∈ {1, . . . , k} with i 6= j .
Conversely, suppose that [θ−1i Giθi , θ−1j G jθ j ] = 0 for all i, j ∈ {1, . . . , k} with i 6= j .
Consider the point α = (x, L(1)i1 , . . . , L
(k)
ik ) and the line L = {(y, L
(1)
j1 , . . . , L
(k)
jk )|y I1 L
(1)
1 }.
If N is the number of positions in which (i1, . . . , ik) and ( j1, . . . , jk) differ, then α has dis-
tance N from L . If condition (b) is satisfied, then L contains a unique point at distance N
from α, namely the point
(∏
a∈A(θ−1a 1
(a)
ia jaθa)(x), L
(1)
j1 , . . . , L
(k)
jk
)
. Here A denotes the set of
all indices a ∈ {1, . . . , k} for which ia 6= ja and ∏a∈A(θ−1a 1(a)ia jaθa) denotes the composition
of N = |A| permutations of L(1)1 .
Now, suppose that M is a fixed line of Q1 not belonging to the spread S1. Consider the point
α = (x, L(1)i1 , . . . , L
(k)
ik ) and the line L = {(y, L
(1)
j1 , . . . , L
(k)
jk )| y I1 L
(1)
1 and p
(1)
j1 θ1(y) I1 M}( j2, . . . , jk are fixed). Let A denote the set of indices a ∈ {2, . . . , k} for which ia 6= ja ,
then the set of points of L nearest to α is equal to the set of points of L nearest to
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a∈A(θ−1a 1
(a)
ia jaθa)(x), L
(1)
i1 , L
(1)
j2 , . . . , L
(k)
jk
)
. Let y′ ∈ L(1)1 and j ′1 ∈ {1, . . . , 1 + st1} be
such that p(1)j ′1
θ1(y′) is the unique point of M nearest to (p(1)i1 θ1)
(∏
a∈A(θ−1a 1
(a)
ia jaθa)(x)
)
,
then (y′, L(1)j ′1 , L
(1)
j2 , . . . , L
(k)
jk ) is the unique point of L nearest to α. 2
REMARK. The maximal distance between two points α and β of S is equal to k + 1. This
distance is obtained if α = (x, L(1)i1 , . . . , L
(k)
ik ) and β = (y, L
(1)
j1 , . . . , L
(k)
jk ), where il 6= jl for
all l ∈ {1, . . . , k} and where y 6=∏a∈{1,...,k} (θ−1a 1(a)ia jaθa)(x).
CONCLUSION. If S is a near polygon, then S is a near (2k + 2)-gon.
THEOREM 2. If S is a near polygon, then S can be retrieved starting from any choice of
the k base lines, with suitable chosen maps θ ′i : L(1)α1 → L(i)αi .
PROOF. Let L(1)α1 , . . . , L
(k)
αk be the new base lines of the k spreads. With each point µ =
(x, L(1)i1 , . . . , L
(k)
ik ) of S, we associate the (k + 1)-tuple µ′ = (x ′, L
(1)
i1 , . . . , L
(k)
ik ), where x
′ =
p(1)α1
∏
a∈{1,...,k}(θ−1a 1
(a)
iaαaθa)(x) ∈ L
(1)
α1 . If ν = (y, L(1)j1 , . . . , L
(k)
jk ) is a second point of S, then
µ and ν are adjacent if and only if y = θ−1l 1(l)il jl θl(x). Here l denotes an element of {1, . . . , k}
with the property that im = jm for all m ∈ {1, . . . , k} \ {l}. We rewrite this condition as
follows:
y′ = p(1)α1
 ∏
a∈{1,...,k}
(θ−1a 1
(a)
jaαaθa)
 (θ−1l 1(l)il jl θl)x
= p(1)α1
(∏
a<l
(θ−1a 1
(a)
iaαaθa)
)
(θ−1l 1
(l)
jlαl1
(l)
il jl θl)
(∏
a>l
(θ−1a 1
(a)
iaαaθa)
)
(x)
= p(1)α1 θ−1l 1(l)jlαl1
(l)
il jl1
(l)
αl il θl p
(1)
1 (x
′)
= (p(1)α1 θ−1l p(l)1 )(p(l)αl p(l)jl p
(l)
il )(p
(l)
αl θl p
(1)
1 )(x
′)
= (θ ′−1l (p(l)αl p(l)jl p
(l)
il )θ
′
l )(x
′).
Hence, we can take the maps θ ′l := p(l)αl θl p(1)1 (which is a bijection from L(1)α1 to L(l)αl ,
l ∈ {1, . . . , k}, as new maps between the new base lines. 2
REMARK. Suppose that S is a near (2k + 2)-gon with k ≥ 2. If we restrict ourselves to the
generalized quadrangles Q1, . . . ,Qk−1 together with their corresponding spreads, base lines
and maps, then by Theorem 1 we find a near polygon S′. If Qk is a grid, then S is the direct
product of S′ with a line of length s+1 (i.e., a union of s+1 isomorphic copies of S′ together
with all lines which gather s + 1 equivalent points).
2.2. Examples. Let 5∞ be a PG(2k, q), k ≥ 2, which is embedded as a hyperplane in
5 = PG(2k + 1, q). Consider in 5∞ k planes α1, . . . , αk intersecting in a point p and
generating5∞. LetHi , i ∈ {1, . . . , k}, be a hyperoval in αi containing p. The following near
polygon T ∗2k(H1∪· · ·∪Hk) can then be constructed, see [5]: the points of T ∗2k(H1∪· · ·∪Hk)
are the points of 5 \ 5∞; the lines are the lines of 5 not contained in 5∞ and intersecting
H1 ∪ · · · ∪Hk ; incidence is that derived from 5. If x is a point of 5∞, then the index of x is
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the smallest cardinality of a subset V of H1 ∪ · · · ∪Hk such that x ∈ 〈V 〉. If y and z are two
different points of T ∗2k(H1 ∪ · · · ∪ Hk), then d(y, z) is equal to the index of the intersection
point of the line yz with 5∞, see [5]. From this it follows (see [5]) that for every point u of
H1 ∪ · · · ∪ Hk and for every line L of 5∞ through u there exists a unique point in L \ {u}
with smallest index.
THEOREM 3. T ∗2k(H1 ∪ · · · ∪Hk) is a glued near polygon.
PROOF. Let a be a fixed point of 5 \ 5∞ and put Ai = 〈a, αi 〉. The set of affine points
of Ai is a geodetically closed subspace and induces a generalized quadrangle Qi isomorphic
to T ∗2 (Hi ). Let Si be the spread of Qi determined by the point p ∈ 5∞ (Si is the set of lines
of Ai through p), let L(i)1 be the line pa and let θi be the identical map. The q translations
of the affine space on Ai , which have p as the corresponding point at infinity, induce q auto-
morphisms of Qi , which fix each line of Si . By [2], the group Gi is equal to the group of the
q translations of the affine line pa \ {p}. Hence, with the above choices for Qi , Si , L(i)1 and
θi (i ∈ {1, . . . , k}), we obtain a glued near polygon S.
We define now an isomorphism θ between T ∗2k(H1 ∪ · · · ∪Hk) and S. Let x be an arbitrary
point of 5 \5∞.
(1) Let φ(x) denote the unique point of pa nearest to x (in the near polygon T ∗2k(H1∪· · ·∪Hk)).
(2) For i ∈ {1, . . . , k}, the space 〈x, α1, . . . , αi−1, αi+1, . . . , αk〉 intersects 〈a, αi 〉 in a line
φi (x) through p. Clearly φi (x) ∈ Si .
Put θ(x) = (φ(x), φ1(x), . . . , φk(x)). We prove now that θ is a bijection. Let (x,M1, . . . ,Mk)
be an element of pa × S1 × · · · × Sk . The intersection of the k spaces 〈α1, . . . , αi−1, Mi ,
αi+1, . . ., αk〉, i ∈ {1, . . . , k}, is a line L through p. We prove now that pa and L are parallel
lines of the near polygon T ∗2k(H1 ∪ · · · ∪ Hk). We may suppose that pa 6= M . The plane〈M, pa〉 intersects 5∞ in a line M ′ through p. Let z be the point of M ′ \ {p} with smallest
index. For every point u of pa, there exists a point u′ on M for which d(u, u′) = d(pa,M)
(z, u and u′ are collinear), hence M and pa are parallel. Let y be the unique point of M near-
est to x (in T ∗2k(H1 ∪ · · · ∪ Hk)), then y is the unique point of 5 \ 5∞ for which θ(y) =
(x,M1, . . . ,Mk). Since S and T ∗2k(H1∪· · ·∪Hk) have the same order, it suffices to show that
θ preserves adjacency. Let x and y be two collinear points of T ∗2k(H1 ∪ · · · ∪Hk), the line xy
meets then one of the hyperovals, sayHl . Clearly φm(x) = φm(y) for all m ∈ {1, . . . , k} \ {l}.
We prove that x is classical with respect to Ql and that the unique point x ′ of Ql nearest to
x is contained in the line φl(x) of Sl . This is clear if x ∈ Al ; suppose therefore that x 6∈ Al .
The four-dimensional space 〈x, Al〉 intersects5∞ in a three-dimensional space β through αl ,
which itself intersects 〈α1, . . . , αl−1, αl+1, . . . , αk〉 in a line N through p. Let u be the unique
point of N \ {p} with the smallest index (say µ). The point u is then also the unique point of
β \αl with the smallest index. Hence, there is a unique point x ′ in Al nearest to x , namely the
intersection of xu with Al , and d(x, x ′) = µ. The point x ′ is clearly contained in φl(x). By the
point–quad relation, see [8], we know that this point is equal to the projection of φ(x) on the
line φl(x). Similarly, there is a unique point y′ in Ql nearest to y. It remains to prove (see con-
dition (ii) on page 974) that x ′ and y′ are collinear points of Ql . Since d(x, x ′) = d(y, y′) = µ
and d(x, x ′)+d(x ′, y′) = d(x, y′) ≤ d(x, y)+d(y, y′) = µ+1, it follows that d(x ′, y′) ≤ 1.
If x ′ = y′, then there is a point z on the line xy at distance µ − 1 from x ′, a contradiction,
since there is no point in β \ αl with index µ− 1. 2
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3. ON THE CLASSIFICATION OF GLUED NEAR POLYGONS
For the construction of the permutations in the following two lemmas, we refer to [4]. The
next lemma is a well known result (see for instance Theorem 4.2A of [6]).
LEMMA 2. Let X be a set of order n ≥ 1. If G is a regular group of permutations on X,
then there are precisely n permutations of X which commute with every element of G. These
n permutations form a regular group G˜ of permutations on X. Moreover G˜ ' G.
LEMMA 3 ([4]). Let X be a set of order n ≥ 1 and let G1 and G2 be regular groups of
permutations on X; then there exists a permutation θ ∈ Sym(X) such that G2 = θ−1G1θ if
and only if G1 is isomorphic to G2. Moreover, if φ is an isomorphism from G1 to G2, then
there exist n permutations θ such that φ(g1) = θ−1g1θ for all g1 ∈ G1.
We use the same notations as in the previous section and we assume that
(1) S is a near polygon,
(2) k ≥ 2 and
(3) none of the GQs Q1, . . . ,Qk is a grid.
THEOREM 4. (1) Gi ' G j for all i, j ∈ {1, . . . , k}.
(2) Si is a spread of symmetry of Qi .
(3) Gi is commutative if k ≥ 3.
PROOF. Let i, j be two distinct elements of {1, . . . , k}. The condition [θ−1i Giθi , θ−1j G jθ j ]
= 0 implies that Gi and G j are regular groups of permutations on L(i)1 and L( j)1 (see [2]).
From that paper it also follows that Si is a spread of symmetry of Qi . Since Gi ' θ−1i Giθi ,
G j ' θ−1j G jθ j , (1) follows from Lemma 2. Now, suppose that k ≥ 3 and put G = θ−11 G1θ1.
Since [G, θ−1i Giθi ] = 0 for all i ∈ {2, . . . , k}, θ−1i Giθi = G˜ (notation as in Lemma 2). Since
k ≥ 3, [G˜, G˜] = 0 or G˜ = G. Hence G is commutative. 2
REMARK. Since Si is a spread of symmetry of Qi , there exists an AT-model (Di , Ki ,1i )
for Qi with associated spread Si (see [2]). The group Gi is isomorphic to Ki (see [2]).
We can construct glued near (2k + 2)-gons, k ≥ 2, in the following way.
(1) Take a group K of order s+1 ≥ 2 for which there exists an admissible triple (D, K ,1),
where D is a linear space different from a line. If k ≥ 3, then K has to be commutative.
(2) Let (Di , K ,1i ), i ∈ {1, . . . , k}, be a sequence of k, not necessarily distinct, admissible
triples. Let Qi denote the corresponding generalized quadrangle and let Si be the asso-
ciated spread. Let L(i)1 be an arbitrary line of Si and let θ1 be an arbitrary permutation
of L(1)1 . As before, let Gi denote the group of projectivities of L(i)1 with respect to Si .
Define G := θ−11 G1θ1. By Theorem 1, one has to find bijections θi : L(1)1 → L(i)1 ,
i ≥ 2, satisfying θ−1i Giθi = G˜. We now prove that the number of possible θi s is
equal to (s+ 1)× |Aut(K )|. Let φi denote an arbitrary bijection from L(1)1 to L(i)1 ; then
θ−1i Giθi = G˜ is equivalent to (θ−1i φi )(φ−1i Giφi )(φ−1i θi ) = G˜. Since φ−1i Giφi ' K
and G˜ ' G ' G1 ' K , the equation has (s + 1)× |Aut(K )| solutions for φ−1i θi (see
Lemma 3). As a consequence, the set of equations θ−12 G2θ2 = G˜, . . . , θ−1k Gkθk = G˜
has (s + 1)k−1|Aut(K )|k−1 solutions for (θ2, . . . , θk).
Collecting the previous results, we have the following theorem.
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THEOREM 5. Let Q1, . . . ,Qk be k generalized quadrangles having all the same line size
s + 1. Suppose that none of these GQs is isomorphic to a grid, and let Si , i ∈ {1, . . . , k}, be a
spread of Qi . Then there is a glued near polygon derived from the Qi s and the Si s if and only
if there is a group K of order s + 1 such that the following hold.
(1) The group of automorphisms of Qi , i ∈ {1, . . . , k}, fixing each line of Si is isomorphic
to K .
(2) K is commutative if k ≥ 3.
Moreover, the number of nonisomorphic glued near polygons which can be obtained this way
is at most (s + 1)k−1|Aut(K )|k−1.
REMARKS. (1) See [4] for better estimates for the number of nonisomorphic glued near
hexagons (k = 2).
(2) In [2] all known GQs with an AT-model are described. For all these examples K is a
commutative group. Many glued near polygons can be constructed using these GQs.
4. SUB NEAR POLYGONS
We use the same notations as in Section 2.
THEOREM 6. Let S be a glued near polygon, then every two points at distance 2 have at
least two common neighbours.
PROOF. Let α = (x, L(1)i1 , . . . , L
(k)
ik ) and β = (y, L
(1)
j1 , . . . , L
(k)
jk ) be two points at distance
two. We may suppose that one of the following two cases occurs.
(1) If i1 6= j1, i2 6= j2, im = jm for all m ∈ {3, . . . , k}, y =
(∏
a∈{1,2}(θ−1a 1
(a)
ia ja θa)
)
(x),
then ((θ−11 1
(1)
i1 j1θ1)(x), L
(1)
j1 , L
(2)
i2 , . . .) and ((θ
−1
2 1
(1)
i2 j2θ2)(x), L
(1)
i1 , L
(2)
j2 , . . .) are two
common neighbours of α and β.
(2) Let i1 6= j1, im = jm for all m ∈ {2, . . . , k}, y 6= (θ−11 1(1)i1 j1θ1)(x). Since p
(1)
j1 θ1(y)
and p(1)i1 θ1(x) are two noncollinear points of Q1, they have t1 + 1 common neighbours.
If p(1)δ1 θ1(z1) and p
(1)
δ2
θ1(z2) are two of these neighbours, then (z1, L(1)δ1 , L
(2)
i2 , . . .) and
(z2, L(1)δ2 , L
(2)
i2 , . . .) are two common neighbours of α and β. 2
If s ≥ 2, then Theorem 4 of [1] implies the existence of geodetically closed sub near polygons.
We will give now an explicit description of these sub near polygons, and this will prove that
they also exist if s = 1. So, let α = (x, L(1)i1 , . . . , L
(k)
ik ) and β = (y, L
(1)
j1 , . . . , L
(k)
jk ) be
two points at distance δ. Let H(α, β) be the unique smallest geodetically closed subspace
containing α and β (i.e., the intersection of all geodetically closed subspaces containing α
and β). We may suppose that one of the following cases occurs.
(1) Let im 6= jm for all m < δ, im = jm for all m ≥ δ, y 6=
(∏
a∈{1,...,δ−1}(θ−1a
1
(a)
ia jaθa)
)
(x). The point γ = (∏a∈{2,...,δ−1}(θ−1a 1(a)ia jaθa)(x), L(1)i1 , L(2)j2 , . . . , L(k)jk ) lies
on a shortest path from α to β. Hence, H(α, β) contains H(β, γ ). By remark (1)
after Lemma 1 and case (2) of the proof of Theorem 6, we know that H(β, γ ) is
the quad consisting of all the points (z, L(1)f1 , L
(2)
j2 , . . . , L
(k)
jk ), where z I L
(1)
1 and
f1 ∈ {1, . . . , 1+ st1}. Repeating the above argument, one finds {(z, L(1)f1 , . . . , L
(δ−1)
fδ−1 ,
L(δ)jδ , . . . , L
(k)
jk )|z I L
(1)
1 and fi ∈ {1, . . . , 1+sti } for all i ∈ {1, . . . , δ−1}} ⊆ H(α, β),
and we have equality since the first set is classical and hence geodetically closed. More-
over, H(α, β) induces a sub near (2δ)-gon which is also a glued one.
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(2) Let im 6= jm for all m ∈ {1, . . . , δ}, im = jm for all m ∈ {δ + 1, . . . , k},
y = (∏a∈{1,...,δ}(θ−1a 1(a)ia jaθa))(x). The point γ = ((θ−11 1(1)i1 j1θ1)(x), L(1)j1 , L(2)i2 , . . . ,
L(k)ik ) lies on a shortest path from α to β. Since d(α, γ ) = 1, every point of the line αγ
is contained in H(α, β). Now, S1 is a normal spread since it is also a spread of symme-
try. If L(1)l1 ∈ {L
(1)
i1 , L
(1)
j1 }⊥⊥, then ((θ−11 1
(1)
i1l1θ1)(x), L
(1)
l1 , L
(2)
i2 , . . . , L
(k)
ik ) ∈ H(α, β).
Repeating this argument, one finds that H ′(α, β) := { (∏a∈{1,...,δ}(θ−1a 1(a)ialaθa)(x),
L(1)l1 , . . . , L
(δ)
lδ , L
(δ+1)
iδ+1 , . . . , L
(k)
ik
) | L(µ)lµ ∈ {L(µ)iµ , L(µ)jµ }⊥⊥ for all µ ∈ {1, . . . , δ} } ⊆
H(α, β). We prove now that H ′(α, β) is geodetically closed; hence H ′(α, β)=H(α, β).
Let γ3 = (x3, L(1)h1 , L
(2)
h2 , . . . , L
(k)
hk ) be a point on a shortest path from γ1 = (x1, L
(1)
f1
, . . . , L(k)fk )∈H ′(α, β) to γ2 = (x2, L
(1)
g1 , . . . , L
(k)
gk )∈H ′(α, β). Since x1 =
(∏
a∈{1,...,δ}
(θ−1a 1
(a)
ia faθa)
)
(x) and x2 =
(∏
a∈{1,...,δ}(θ−1a 1
(a)
ia gaθa)
)
(x), it follows that x2 =(∏
a∈{1,...,δ} (θ−1a 1
(a)
ia ga1
(a)
fa iaθa)
)
(x1). Since S1 is a normal spread, x2 =
(∏
a∈{1,...,δ}
(θ−1a 1
(a)
fa gaθa)
)
(x1). For every point γ of S, let γ¯ denote the k-tuple obtained by delet-
ing the element (of L(1)1 ) in the first position of γ . Let Ai j ⊆ {1, . . . , k} be the set
of positions in which γ¯i and γ¯ j differ (1 ≤ i < j ≤ 3). Then |A12| = d(γ1, γ2) =
d(γ1, γ3) + d(γ3, γ2) ≥ |A13| + |A23|. On the other hand, |A12| ≤ |A13| + |A23|, im-
plying A12 = A13 ∪ A23, A13 ∩ A23 = ∅, d(γ1, γ3) = |A13| and d(γ2, γ3) = |A23|.
Moreover hi ∈ { fi , gi } for all i ∈ {1, . . . , k}, implying L(µ)hµ ∈ {L
(µ)
iµ , L
(µ)
jµ }⊥⊥ for all
µ ∈ {1, . . . , δ}, and x3 =
(∏
1≤a≤δ(θ−1a 1
(a)
fahaθa)
)
(x1) =
(∏
1≤a≤δ(θ−1a 1
(a)
faha
1
(a)
ia faθa)
)
(x) = (∏1≤a≤δ(θ−1a 1(a)iahaθa)) (x). Hence γ3 ∈ H ′(α, β). It is also immedi-
ate that H(α, β) induces a sub near (2δ)-gon of Hamming type (by considering the map
γ 7→ γ¯ ).
For every point γ1 not inside H(α, β), there exists a point γ2 in H(α, β) such that d(γ1, γ2)>δ.
Collecting all the previous calculations, we have the following theorem.
THEOREM 7. Every two points of a glued near polygon at distance δ from each other are
contained in a unique geodetically closed sub near (2δ)-gon. This sub near polygon is also a
glued one.
REMARK. By taking the geodetically closed sub near polygons as elements of type i ,
0 ≤ i ≤ d , one finds a geometry of rank d + 1 with diagram C2.Ld , see [1].
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